Chapter 31

MSMYP3 Functions Of Several Real

Variables

(31.1) Limits & Continuity

(31.1.1) Norms

Many ideas from single variable analysis extend readily to more dimensions. The first task when moving

from R to R” is to find a suitable way to measure distance.

Definition | Fora = (a1, ay,...,a,) € R" the Euclidean Norm of a, ||al|, by
lal| = \/a2+ a3+ +a%

where /" denotes the positive square root.

This is a good generalisation of the absolute value measure in IR, as for a = (a) € R it is clearly the case that

lla]] = |a|. R" together with the Euclidean Norm is called n-dimensional Euclidean space.

Lemma 2 (Cauchy’s Inequality) For real numbers ay,ay,...,a, and by, by, ..., by

Proof. Let A > 0 then

Ax2+Bx+C:A(x2+§x+%)

B \? B2
> 0if and only if
BZ
C_H>0

B% > 4AC
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Using this,

a?x? + b? + 2a;b;x

I
M:

n
Z (a;x + bi)z
i=1

Il

2 n n
Lll'> xz + <2 Zaibi> X+ Zblz

i=1 i=1

> 0if and only if
n 2 n n
(2 Z ﬂibi < Z a; Z bi Oa
i=1 i=1 i=1

Theorem 3 Fora,b € R" and A € R the Euclidean Norm has the following properties.

. llall = 0 with |a| =0 < a=o0.
2. [[Aall = [A[[|a]]-

3. [la+b]| < |[a]| + ||b]|. (Triangle inequality for R".)

Proof. 1. |la|| = /a2 +a}+ -+ a} > 0 with equality

(:}a%—l—a%—i—n-—&—a%,:()

@a%:a%:«--:a,%:o
Sa=a=---=a;,=0
Sa=0

[Aa]l = [|(Aay, Aay, ..., Aay)|

= \/ (Aa1)* + (Aap)> + - + (Aay)?
= A\/a1+a2+~~+a%
= [Allal]

3. Asnorms are positive is it sufficient to show that ||a + b||? < (||a]| + Ib|).
2_ v 2
la+b|" = Z:(ai+bi)
= Zu +Zb2+22ab

Z a2 + Z bz + 21 / Z azy | Z b? by Cauchy’s Inequality

= llall + [[b[| +2[la]/[[b]
2
= (llall + [[b]}) U
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(31.1.2) Sequences
Definition 4 A sequence in R" is a collection of points {ak} where k € IN indexes the points and where

k k _k k
a“ = (al,az,...,an>

Definition 5 A sequence {ak} in R" converges to a limit a € R", written

lim a* = a
k—o0

Ve>0 3INeN st k>N=|a"—a| <e

Clearly each co-ordinate of a* gives a sequence in R. The following theorem comes as no surprise.

Theorem 6 Let {a*} be a sequence in R”.
lim a* =a < limai‘:ai Vil<i<n

k—oc0 k—o0

Proof. (=) Suppose lim;_.,, a¥ = a then Ve > 0 IN such that ||a* — a|| < e for all k > N. Hence for k > N

2 2 2
g\/(a’{fal) +(a’§—a2) +---+(ﬂlfz*ﬁn) :\|ak*"=‘”<€

k
ai 7a1'

: k _
Hence limy_., 4 = a;.

(<) Suppose that limy ., ai.‘ =a;for1 <i<n Lete>0then = > 0for N > 0. Hence for each i there

VN
exists N; such that
€
k> N,‘ = l)li»C - < —F=
VN
Let
N = N;
[max {Ni}

then fork > N

g2 g2 &2
< _ _ i
N+N+ JrN
=V =¢ O

(31.1.3) Cauchy Sequences

Definition 7 A sequence {ak} in R" is a Cauchy sequence if

Ve>0 3INeN kI>N—|a"—al|<e

Note that Theorem 3 means that [|a! — a¥|| may be used equally well as ||a* — a!|| (putting A = —1) so that

without loss of generality it may be assumed that k > 1.

Definition 8 A subset A of R" is bounded if there exists M for which ||x|| < M forall x € A.
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Lemma 9 Forc,d € R"”
el = lld[[| < fle—d

Proof. By the triangle inequality
lla+ bl — [bl] < [al]

Puttinga =c—dand b = d gives ||c|| — ||d|| < ||[c—d]|.
Puttinga=c—dand b = —cgives ||d| — ||c|| < |[c —d]|. O

Lemma 10 A Cauchy sequence is bounded

Proof. Let {aF} be a Cauchy sequence in IR". Take ¢ = 1 then there exists N such that ||a* — a!|| < 1 for all
k,1 > N. Let L be the least natural number bigger than N, then by Lemma 9, for k > [,

la]| = Jla'[] < [|la* —a'|| < 1

In particular, this gives [|a*|| < 1+ ||a’|. Now let

N' = max {[|a' |, ?]]... Ja" "] }
Take M = max{N’,1+ ||a’||} then |la*|| < M for all k i.e. the sequence is bounded. O
If a sequence has a limit, then every subsequence of it will also have the same limit. However, there may

well be convergent subsequences of sequences which do not themselves converge.

Theorem || (Bolzano-Weierstrass) If {ak} is a sequence in R that is contained in the closed interval [b, c] then there
is a subsequence {a*i} which has a limit d € [b, c|.

Theorem 12 A sequence {a*} in R" is a Cauchy sequence if and only if it has a limit.

Proof. (<) Suppose that {a¥} has a limit, a say. For any e > 0, § > 0 and so 3N such that ||a" —a| < §.
Hence for k,I > N,

&k —al| = || (" ~a) + (a—a') |
< [la —all + [la’ —a]

<f4i-e
22

= uppose that {a" ; 1s Cauchy, then for all € > 0 there exists N such that ||a" —a"|| < eforall k,/ > N.
(=) Suppose that {ak} is Cauchy, then for all & > 0 th ists N such that ||a* — af forallk,l > N

So when af = (a’{,a’é, .. ,a’;,)

k 1
a; —a;

2
~(-4)

2 2 2
<y (o) () (ot

1
[

= [|la* ~a

<e

Hence each of the co-ordinate sequences is Cauchy and thus by Theorem 6 it is sufficient to show that

all the co-ordinate sequences have a limit.
Let {a¥} be one of the co-ordinate sequences, so 1 < i < . By Lemma 10 {a¥} must be bounded and

hence by Bolzano-Weierstrass (Theorem 11) it has a convergent subsequence {afj } with limit 4; say.
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For e > 0, § > 0 and 3Nj such that |afj —a;] < § for j > Nj. But since {ai(j} is Cauchy, 3N, such that
\aff —al| < § for kj,1 < Np. Hence for N = max{Nj, N» }

kK ki
a; —a; a;) —a;

<

~

+

k
a; —aj

(31.1.4) Subsets of R"

The ideas of open and closed intervals in IR may be extended to R” as follows.

Definition 13 For a € R" and r > 0 the open ball of radius r around a is the set
Bi(a) = {x € R" | [[x—al| < r}
Definition 14 A subset N of R" is a neighbourhood of a point a € R" if 3r > 0 such that B,(a) C N.

Definition 15 A subset U of R" is an open set if for all a € U there exists r > 0 such that By(a) C U.

It is clear that, for example, an open set is a neighbourhood for all of its points, and that an open set is a
union of open balls.

Definition 16 A subset A of R" is sequentially compact if every sequence of points of A has a convergent subsequence
that has its limit in A.

Note that the Bolzano-Weierstrass Theorem (Theorem 11) means that every closed interval of R is sequen-
tially compact. The following “old chestnut” of a theorem can now be presented: note that the condition is

weaker than sequential compactness.
Theorem 17 A subset A of R" is closed if and only if each convergent sequence of elements of A has its limit in A.

Proof. (=) Suppose that A C R" is closed and that {a*} is a convergent sequence in A that has limit
a. Suppose a ¢ A then a € R" \ A which is open and thus 3r > 0 such that B.a C R" \ A. But
then ||a¥ — a|| > 7 for all k meaning that for 0 < & < r the definition of a limit cannot be satisfied,

contradicting that {a*} has limit a. Hence a € A.

(<) Let {a*} be a sequence in A that has limit a € A. Suppose A is not closed, then R" \ A is not open
and so there exists a point b € R" \ A such that for all ¥ > 0, B,(b) N A # @. Hence for each k € N
construct the sequence {b*} in A with b’ € B,(b) N A. Then {b*} is a sequence in A that does not
have its limit in A, which contradicts the hypothesis. Therefore A is closed. O

Theorem 18 (Heine-Borel) A subset A of R" is sequentially compact if and only if it is closed and bounded.

Proof. (=) Suppose that A C R" is sequentially compact, then every sequence in A has a convergent sub-
sequence which has its limit in A. But if a sequence is convergent then any subsequence is convergent

to the same limit and so by Theorem 17 A is closed.

Suppose that A is unbounded then for each k € N Ja* € A with ||a|| > k. But then {a*} is an
unbounded sequence and so can have no bounded subsequence. But by Lemma 10 and Theorem 12
convergent sequences are bounded, therefore unbounded sequences cannot converge. As all subse-
quences of {a*} are unbounded, none of them can have a limit, contradicting the sequential compact-
ness of A. Thus A must be bounded.
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(<) Suppose that A is closed and bounded. Since A is bounded IM > 0 such that forall x € A, ||x|| < M.
If x = (x1,x2,...,%,) thenalso |x;| < Mfor1 <i< M,sox; €[ — M, M].

Let {ak} be a sequence in A with ak = (a’l‘ , aé, e, afl), then each co-ordinate sequence is a sequence in

kl
[ — M, M]. Hence by Bolzano-Weierstrass (Theorem 11) there exists a subsequence, {a,’ }, say, of {a}}

that is convergent with limit a; say.
k! k2
By Bolzano-Weierstrass, the sequence {4, } has a convergent subsequence {a,’ }, say, with limit a,.
1% 154
By the same reasoning, the sequence {4, } has a convergent subsequence {a,' }, say, with limit a3.

n

%
Applying this argument n times gives n convergent sequences {a;’ } (1 < i < n). Thus by Theorem 6
{ak}’} is a convergent sequence with limit a = (a1, 4y, ...,a,). Since A is closed Theorem 17 gives that

a € A and thus A is sequentially compact. O

(31.1.5) Functions

The logical progression from studying sequences is to study functions of R” to R™. As usual, the limit of a
function at a point needs to be independent of the value of the function at that point, if indeed the function

is defined there.

Definition 19 Let f be a function f: A — R™ where A C R". f has limit 1 (in R™) as x tends to a if
Ve>0 36>0 0<|x—all<é = |[fx)—-1|<e
Theorem 20 Let f be a function f: A — R™ where A C R".
ler;f(x) =1l=(y,h,....In) & )l(ig}lfi(x) = Vil<i<m
Proof. (=) Suppose Z1‘13}1 f(x) =1then
YVe>0 36>0 0<|x—all<dé = |[fx)-1|<ce

Sofor0 < [|[x—a| <,

m

/00 = Ll < ([ Y (fi) — )2

i=1
=[fe) -1

<&

and so lim fi(x) = I;.
X—a

(<) Suppose hn}a fix) =l foralli, 1 < i < m. Then for any ¢ > 0, ﬁ > 0 and thus there exists ¢;
X—

(1 <i < m)suchthat ||f;(x) — ;| < ﬁ Take § < miny g, then for0 < ||x —a| <4,

1£0) —1]| = \/(fl(x) =12+ () = )2+ -+ A+ (fn(¥) — In)?

2
<\/n—
n

=&

and so )l(m; fx) =1L O
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It is clear to see that the usual Algebra of Limits results extend naturally from the case f: R — R.

Continuity

Definition 21 A function f: A — R™ where A C R" is continuous at the point a € A if

lim () = f(a)
f is said to be continuous on A if f is continuous at all points of A.
Once again, the Algebra Of Limits results hold for continuity. As is customary, there follows a list of contin-
uous functions.

The Euclidean Norm function is continuous since by the backwards form of the triangle inequality (Lemma

9) |Ix|l — llal]] < ||x — a|| < e simply by choosing é = «.

Noting that the projection function g;: R” — R given by g;: x — x; is continuous (using |g;(x) — gi(a)| =
|x; —a;| < ||a— a||) a rational function is simply a sum of products of such functions and constants, and so

by the Algebra Of Limits is continuous.

Linear transformations are continuous, as choosing bases the transformation may be represented by a matrix
(a;j) say so that

n n n
— T _
f(X) = Ax = Zaljx]-,Zazjx]-,...,Zamjxm
j=1 j=1 j=1
which is a polynomial and so is continuous.

Theorem 22 Let A C R"and f: A — R™. Let BC R™ withIm f C B C R™ and g: B — R.. If f is continuous
ata € A and g is continuous at f(a) then g o f is continuous at a.

Proof. Take & > 0 then since g is continuous at f(a), 36; > 0 such that

ly—f@l <o = lgy)—gof@] <e
Also, f is continuous at a, so for any 6; > 0 there exists § > 0 such that
Ix—all<é = [Ifed—f@I <4
Thus for ||x — a|| < & putting y = f(x) gives ||g o f(x) — g0 f(a)|| < ¢ and thus g o f is continuous ata. [

Theorem 23 Let f: A — R™ where A C R" and let a € A. Then f is continuous at a if and only if f~(N) is a
neighbourhood of a whenever N is a neighbourhood of f(a).

Proof. Note that the theorem is of the form A < (B = C).

(=) Suppose that f is continuous at a and let N be a neighbourhood of f(a). Hence 3¢ > 0 such that
B¢(f(a)) € N and thus by continuity 36 > 0 such that x € Bs(a) implies f(x) € B¢(f(a)). Therefore

Bs(a) C f~1 (Be(f@@)) C fUN)

meaning that f ~1(N)is indeed a neighbourhood of a.

(=) Suppose that if N is a neighbourhood of f(a) then f~!(N) is a neighbourhood of a. For any ¢ > 0 the
open ball B¢(f(a)) is a neighbourhood of f(a) and thus f “1(By( f(a))) is a neighbourhood of a. As this
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is a neighbourhood, 36 > 0 such that

Bs(@) C £ (Be(f(a)))

and thus f is continuous at a. g

Generalising from this, it is easy to show that a function is continuous if and only if its inverse preserves
open sets. This leads to the subject of general topology: the study of continuous functions with continuous
inverses. Finally for this section, the conditions for continuity can be weakened slightly.

Lemma 24 If {a*} is a sequence in A C R" with limit a and a* # a for all k € N, and if f: A — R™ then { f(a*)}
is a sequence in R™ that has limit f(a).

Proof. As f is continuous
Ve>036>00< [af—a| <6 = [|[f@) - f@)| <e
But as {a*} is convergent to a,
V6>0INeNk>N = |a"—a|| <4

Thus for k > N, ||f(a*) — f(a)|| < € and the result is shown. O
Lemma 25 If C is a closed and bounded subset of R then it contains its supremum and infimum.

Proof. As C is bounded, M = sup C exists. Suppose that M ¢ C, then M € R\ C which is open. Hence
Jr > 0 such that B,(M) C R\ C. As this is a subset of R,

B(M)=(M—r,M+r)

and so dy € B,(M) with y < M which is again an upper bound for C. But this contradicts that M is the least
upper bound, and thus by contradiction M € C. O

Note that the proof that m € C follows a similar form.

Theorem 26 If A is a sequentially compact subset of R" and f: A — R is continuous, then f is bounded on A and
attains its bounds.

Proof. Let {y*} be a sequence in f(A) then for each k, y* = f(x) for some x* € A. Thus {x*} is a sequence

in A which is sequentially compact. Hence there is a subsequence, {x*i} say, that has a limit, say

k

limx“ =x€ A

1—00

But then Lemma 24,

lim £ (x) = £

i—o0
meaning that {yk} has a convergent subsequence. Thus f(A) is sequentially compact. By Theorem 18 f(A)
is closed and bounded and so by Lemma 25 f(A) contains its supremum and infimum, M and m say. But as
these are in f(A) there must exist b and ¢ in A such that M = f(b) and m = f(c). O
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(31.1.6) Contraction Mappings

Definition 27 Let A C R" and f: A — R™. f is a contraction mapping if there exists K € R with 0 < K < 1 such
that for all x and y in A
169 = fll < Kl}x —yll
Definition 28 If f: A — A where A C R" then a € A is a fixed point of f if f(a) = a.
Theorem 29 (Contraction Mapping, Banach Fixed Point) If A is a non-empty closed subset of R" and f: A — Aisa

contraction mapping then f has a unique fixed point.

Proof. First of all, let xy and x; be fixed points of f. Then

Ixo = x1 ] = [|f(x0) — fGxa)|
<K|xp—x]] for0<K<1
so (1 =K)lxo —xi| <0
so(1—=K)[xo—xi| =0
[xo —x1[ =0

X0 = X1

Thus if f has a fixed point then it is unique. To show that f has a fixed point consider the sequence { f*(x)}
where

fk(x) =fofo---of(x) :f(fkil(x))

for some particular (fixed) x € A. Take any m > 0 then

1F™100 = £ 0ll = £ 00) = L (200
<K[If"00 = ")

<K f() = x|

Hence fork > 1,

1££00 = FeIl < 100 = F100l + 177100 = 20l + -+ 1700 = f |
S KT K24 KD f0 — x|
SEK A+ K K+ ) f0 = x|
Kl
= ¢l feo x|

If x is a fixed point there is nothing to show, thus assume it is not. As
1-K
— >0
o) —x||

since lim K! = 0, there exists N such that for any ¢ > 0

|—o0

(1 —-K)e
K'< =" forl >N
[£00 = x|
Hence for k > 1 > N, ||f*(x) — f'(x)|| < € and so the sequence { f¥(x)} is a Cauchy sequence. By Theorem
12 { fk(x)} has a limit xp say. But as A is closed, Theorem 17 shows that xg € A. Since f is a contraction
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mapping
1£560 = fFool < KA 00 = xo| (30)
but
Jim 1) = Jim ) = xo
and so from equation (30) f(xp) = Xo. O

(31.2) Differentiation

(31.2.1) Partial Derivatives

As usual let e; denote the vector of zeros except for a 1 in the ith position.
Definition 31 Let f: A — R™ where A C R". The ith partial derivative at a € A is

D(f(a) (35) hﬂof(xd‘_he)_f(x)

where e; is the ith standard ordered basis vector.

Taking the partial derivative considers f as a function of the single variable x; which is then differentiated in
the conventional single variable way at the point a;. Taking partial derivatives mixed second order partial
derivatives can be calculated. However, in general calculating the same mixed partial by differentiating in
different orders need not give the same result. There is, however, a sufficient condition for the second mixed

partials to be well-defined in this sense. Recall first the mean value theorem.
Theorem 32 (Mean Value) If f: [a,b] — R is continuous on [a, b] and differentiable on (a,b) then 3¢ € (a, b) such
o 010
a
= f'(c)

Writing b — a = h then ¢ = a + 6h for some 0 < 9 < 1, and so equivalently 30, 0 < 0 < 1 such that

fla+h)— f(a) = hf'(a+ 6h)

Using this a condition for mixed partials to be “well-defined” can be exhibited.

Theorem 33 Let f: A — Rand (x9,y9) € A C R2. If 3r > 0 such that D1 f, Dy f, D1 Dy f, and Dy D1 f all exist
in By(xo, yo) and are continuous at (xg, yo) then D1 Dy f(x9,y0) = D2D1 f(x0, yo).

Proof. Define a real function

_ fo+hyo+h) — f(xo+hyo) = f(xo, yo + 1) + f(xo, o)
2

g(h) (34)

where h is sufficiently small so that xy + h and yo + £ all lie within B;(xg, o). Define also the real function

F(xo +h) — F(xo)

F(x) = f(x,yo + 1) = f(x,y0) so g(h) = 2

As Dfj exists in B;(xg, yo), F is differentiable for x € (xg, xo + /) with derivative

F'(x) = D1f(x,yo + h) — D1 f(x, y0)
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Hence applying the Mean Value Theorem for F on [xg, xo + &},
36, 0 < 6, < 1such that F(xq + h) — F(xg) = hF'(xq + h6y)

Thus substituting into equation (34),

o F/(Xo =+ h@h) . le(XQ + hGh, Yo+ I’l) — le(X() + h@h, yo)
§(h) = 7 = A

Define another real function

G(yo + h) — G(yo)

G(y) = D1 f(xo + hby,y) so gh) = p

then since D, D f exists in B,(xg, o) G is differentiable on (yo, yo + /) and hence by the Mean Value Theorem
¢y, 0 < ¢y, < 1such that G(yg + h) — G(yo) = hG'(yo + hepy,)

Thus
g(h) = G'(yo + hepp) = DaD1f(x0 + hb),, yo + hepy) (35)

The above argument can be repeated treating first y then x, to yield 6; and ¢j,, both strictly between 0 and 1
such that
g(h) = D1Daf (xo + hth, yo + h}) (36)

Now, DD, f is continuous at (xg, 19) and hence by equation (36)
lim g(h) = D1 D2 (x0, o)

but using equation (35) and the continuity of Dy D1 f at (xo, yo),
%Lr%g(h) = D, D1 f(x0,Yo)

As limits are unique the result is shown. O

Of course, this can be easily generalised for functions of IR” — IR simply by replacing 1 by i and 2 by j.

(31.2.2) Differentiability And Derivatives

For a function f: R — R to be differentiable at a point a, it is required that there exists some number,
denoted “f’(a)”, such that

f@+h) — f@ —hf'@) _

- f
lim i

h—0

0

M = f'(a) or equivalently %in})

Motivated by this, the following definition is made.

Definition 37 A function f: A — IR™ is differentiable at a point a € A C R" if there exists an m X n matrix M

such that b Mh
L lf@th) — f@) ~Mh|
h—0 |h]]

where Mh is used in place of (Mh')". M is called the derivative of f at a, written Df(a) = M.

0
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Writing this out using the definition of a limit,
Ve>0 36>0 0<]|hl|<é = |[f(@@a+h)— f(a)— Mh]| < |hle

It is usual to use this form when showing functions to be differentiable, though for showing functions to be

not differentiable it is useful to leave the main expression divided by |h||.

No study of differentiability would be complete without the following old chestnut.
Theorem 38 If f: A — IR™ is differentiable at a € A C R" then f is continuous at a.

Proof. Let Df(a) = M and choose ¢ = 1 in the definition of differentiability so that for some é; > 0
0< || <d1 = |[f(a+h)— f(a)— Mh| = |h]
Letting || M]|* = /%, Y7y (M),

| f(@+h) - f(@)|| = |f(a+h)— f(a) — Mh+ Mh]||
< ||f(a+h) — f(a) — Mh|| + | Mh]|
< |[h[|(1 + [[M]])

Hence for 0 < ||h|| < 6§ = min(dy, m), ||f(a+h) — f(a)|| < e and so the definition of continuity is
satisfied. O

(31.2.3) Functions Into R

For functions into R partial derivatives can be found, and it is not surprising that under certain conditions—

fir sufficiently “nice” functions—the derivative of a function is simply the matrix of partial derivatives.

Definition 39 If f: A — Rand a € A C R" and the partial derivatives D1 f(a), D> f(a), ..., Dy f(a) all exist, then
the gradient of f at a is

Vf(a) = (D2f(a),...,Duf(a)) € R"

Theorem 40 Let f: A — R"anda € A C R"™. Then

1. If f is differentiable at a then D f(a), D2f(a),..., Duf(a) all exist and Df(a) = V f(a).

2. If D1f(a), Daf(a), ..., Dyf(a) all exist in an open ball B,(a) for some r > 0 and are continuous at a then f is
differentiable at a.

Proof. 1. Suppose that f is differentiable at a, then D f(a) exists, and suppose that it is a matrix M =
(M1, My, ..., M,) where M; is an m x 1 matrix. By differentiability, Ve > 0 36 > 0 such that

|[f(a+h) — f(a) — Mh|

0< |hl|<é =
| Tl

<e

Choosing h = he; gives ||h|| = |h| and Mh = M; and thus

[f(a+hep) — f@) ~ Mih _

0<|h| <d =
|| 0

But this is the expression for the ith partial derivative which therefore must exist and have M; =
D;f(a), as required.
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2. Choose h with ||h|| < r and such that all the following terms lie in B,(a): Observe that

fl@a+h)—f(@) = f(ay +hy,a0+hy, ..., a0+ hy)
— flar, a2 +ha,a3 +h3,...,an + hy) + f(ay, a2 + hy,a3 + b3, ..., a4y + hy)
—f(al,az,ag —|—h3,. .., 0y +hn)—|—f(a1,a2,u3 +h3,...,an +hn)

- f(alruZ/ e dn—1,0n + hn) +f(111,112, cee0y—1,0n + th)
7f(al/a2/---/an) (41)

where the function f(ay,...,a;x,...,a, + hy) (of the single variable x) is differentiable for x € (0, k;)
since D, f exists there. Hence by the Mean Value Theorem 36; € (0, 1) such that

f(al,...,ai+hi,...,an +hn)—f(tl1,ll2,...,11n) = hin(al,...,ai—i-(?ihi,...,an + hy)
and thus substituting into equation (41)
n
f(a+h)—f(a) = Zhin(al,...,ui+9ihi,...,an + hy)
i=1

But (Vf(a))h = Dy f(a)hy + - - - + Dy f(a)hy and so

\f(a +h) — f(a) — (Vf(a))h| = Z hiDif(all e, 0+ 0h, . an + hy) — I’liD,‘f(L'll,az, .o, an)
i=1

n
< Z |h1| ‘Dif(lll,...,lli +9ihir-~-;ﬂn +hn)_ Dif(alr‘ZZ/"'ru‘rl)'
i=1
n
< ||| Y IDif(ay, ... a; +0ihi, ..., an + hy) — Dif(ar, a2, ..., ay)]
i=1
But each D; f is continuous at a therefore for any e > 0, £ > 0 and 3J; > 0 such that
€
‘Dl‘f(ﬂl,...,ai+9ihi,...,ﬂn + hy) — Dif(al,az,...,an)| < 0
Hence taking § < min; J;
"¢
[f@+h)— f@)—(Vf@)h <h})_ — = |h|e
i=1

and thus f is differentiable at a with derivative V f(a). O

Definition 42 A function f: A — R™ where A C R" is of class C' if all the first order partial derivatives exist and
are continuous.

By Theorem 40 functions of class C 1 are differentiable. However, the converse need not be the case as when
a function is differentiable Theorem 40 guarantees only that the first order partial derivatives exist, but not

that they are continuous. An example of this is the function

2 1 2) e 1 i (x, 0.0
f:R> R definedby f: (x,y)+— & +y)sm(w) if (x,y) # (0,0)
0 if (x,y) = (0,0)
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which is differentiable at (0, 0) where also the first order partial derivatives exist but are not continuous.

(31.2.4) Functions Into R™

Theorem 43 Let f: A — R™ anda € A C R". f is differentiable at a if and only if each co-ordinate function
fi: A — Ris differentiable at a. In this case

Vfi(a) Difi(a) Dafi(@) ... Dnufi(a)

V fa(a) Difa(@) Daf2(@) ... Dyfo(a)
Df(a) = . = ) ) ) ,

V fm(a) Difm(@) Dyfw(a) ... Dyfm(a)

Proof. (=) Suppose that f is differentiable with derivative M = (a;;), an m x n matrix. Write

M,
M,
M= . with M; = (a1, a5, ...,a5,)

M’H
Since f is differentiable at a, for h € R", Ve > 0, 36 > 0 such that for 0 < ||h|| < J

|f@+h) — f(a) — Mh]| <é[[h]]

Hence

|fia+h) — fia) — Mjh| < J )3 <f]'(a+h) - fi@ - Mjh>2

=1
= | f(a+h) — f(a) — Mh||
< e|[h]]
and thus f; is differentiable at a with derivative M;. By Theorem 40

M,‘ = Vﬁ(a) = (lei(a), sz,-(a), ey anl-(a))

(«=) Suppose that each of the co-ordinate functions is differentiable at a, then by Theorem 40 Df;(a) =
V fi(a). For any ¢ > 0, = > 0 so for each i, 3§; > 0 such that for 0 < ||h| < §;,

€
|fita+h) — fi(a) = Vfi(ah| < NG

Hence taking 6 < minj¢;<, 6;,

[ f(a+h) — f(a) - Mh| = ¢Z (fita+h) — fi(a) - sz’(él)h)2
i=1

< $ é (ﬂ)z 2 = el

and hence f is differentiable at a with derivative M = (V f;(a)). O

Definition 44 For f: A — R" where A C R™, if the partial derivatives D; f;(a) exist then the Jacobian matrix of f
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at ais
Difi(a) Dafi(@ ... Dufi(a)
Dif2(a) Daf2(@) ... Dufa(a)
Jf(@) = : ) ) )
lem(a) szm(a) ce anm(a)

Theorem 45 If f: A — R™ where A C R™, f is of class C! then f is differentiable at alla € A, and D f(a) = ] f(a).
Proof. Immediate from Theorem 40 and Theorem 43. O

Theorem 46 (Chain Rule) Let f: A — R™ with A C R". Let g: B — R! with f(A) C B C R™. Then if f
is differentiable at a € A and g is differentiable at f(a) = b € B the the composite function go f: A — R is
differentiable at A with derivative D(g o f)(a) = Dg(b)Df(a).

Note that Df(a) is an m x n matrix, Dg(b) is an | x m matrix, and D(g o f)(a) is an ! X n matrix.
Proof. It is required to show that Ve > 0 36 > ) such that

0<|hl][ <6 = [lgeofla+h)—gof(a) - Dg(b)Df(a)h|| < elh]|
Now,

g0 fa+h)—go f(a)— Dg(b)Df(ah]
= |lgo fa+h) —go f(a) - Dg(b)(f(a+h) — f(a))
+ Dg(b)(f(a+h) — f(a)) — Dg(b)Df(a)h]|
<lgo fla+h) —go f(a) — Dg(b)(f(a+h) — f())| + N||f(a+h) — f(a) - Df(a)h (47)

where N = ||Dg(b)]|.
Now, fore > 0and N > 0, ﬁ > 0 and so by the differentiability of f, 36; > 0 such that

0< |Ihl| <& = N|f@a+h)~ f@@)~ Df@h| < 3 b (48)
Moreover, if N = 0 then N||f(a+h) — f(a) — Df(a)h|| < 5[/h| for any &;.

Letk = f(a+h) — f(a) € R" and M = ||Df(a)||. As f is differentiable at a, choose ¢ = 1 in the definition of
differentiability, then 36, such that for 0 < ||h|| < J,

f(a+h)— f@)|| = ||f(a+h)— f(a) — Df(ah+ Df(a)h]|
< |lf@a+h) — f(a) — Df(a)h|| + M|[h]|
< (14 M)|h||

ie., | k|| < (14 M)|/h||. Now by the differentiability of g atb, m > 0 and 363 > 0 such that

€

0 < [kl < é5 = [lgb+10—g(b) — Dgb)k|| < 77—

[[k]] (49)

Hence for

5 < min {51,52, : ng}
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when 0 < ||h|| < 4, in equation 47

g o f(a+h)—go f(a)— Dg(b)Df(a)h||

< Hgof(a+h —gOf(a) — Dg(b)(f(a+h) — f(@)[| + NI f(a+h) — f(a) - Df(a)h||
Z(M - k| + = Hh|| by euqation (48) and equation (49)

= ¢|[h]] g

(31.3) Generalising Analytical Results

(31.3.1) The Mean Value Theorem

Recall that if f: [4,b] — R is differentiable, then the Mean Value Theorem states that 3¢ € (4, b) such that

f(b) f(ﬂ) — )

If this holds, then |f(b) — f(a)| = |f'(c)]|b — a|, and so if |f'(c)] < M for all x € [a,b] then |f(b) — f(a)] <
M|b — a| for all x € [a,b]. This is in the form of Theorem 29 (Contraction Mapping). It a result of this form

that can be generalised.

Definition 50 Let x,y € R" define
xyl={Q—-tx+ty|0<t <1}

Theorem 51 (Generalised Mean Value) Let f: A — R™ be a differentiable function with A C R". Ifa,b € A with
[a,b] C A and IM such that |Df(x)|| < M Vx € [a,b] then || f(b) — f(a)|| < M||b — a.

Proof. If f(a) = f(b) then there is nothing to show. Suppose therefore that this is not so, and define

_ fb) - f(a)
lb—all

Define
F:[0,1] =R by F:t—u-f(a+tb—a))

where the dot denotes the inner product on R™. Using the standard inner product,

F(t) = i uifia+tb —a)) wheref = (fi, fo,..., fm) and u; = fib) = fi(@)

= b —all
Hence F may be written as a composition F = h o f o g where
g:[0,1] - R" fR"—-R" h :R" - R
g:t—a+tb—a) frx— f(x) h:x—u-x

Now, g is differentiable with derivative Dg(t) = b — a, and f is differentiable by hypothesis. & is also
differentiable, as follows

h(X) = u1x1 + upxp + -+ + Uy Xy
Dh(x) = (D1h(x), Doh(x), . .., Dy h(x))

= (Uq,Up, ..., Uy) =1u
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Hence by Theorem 46 (the Chain Rule) F is differentiable with derivative

DE(t) = F'(t) = Dh(f o g®)Df(€(#)Dg(®)
=uDf(a+t(b —a))(b —a)
Now applying the Mean Value Theorem for F on [0, 1], 3¢ € [0, 1] such that

E(1) — F(O)

-0 Fe)
EF(1) — F(0) = F'(c)
u- f(b)—u- f(a) =uDf(a+c(b—a))b—a) (52)

solu- f(b) —u- f(a)| = [uDf(a+c(b — a))(b — a)|
< [[ul[[Df(a+c(b — a))|[|[b — al|

= |[Df(a+c(b—a)b—al (53)
with the last line following because
HuH — H f(b) (a) H _ Hf(b) _f(a)” =1
1f®) = f@[ " [If(b) = f(@)l

Returning to equation (52), the left hand side is
u- f(b) —u- f(a) = u- (f(b) - f(a))
= 2 u; (fi(b) — fi(a))

i b ila
Z % (fib) — fi(a)

Hf(b) >||Zf’ ~ fit@)”
— ) - f@)|

By hypothesis || Df(x)|| < M for all x € [a, b] and so equation (53) gives

1£(b) = f@] < M][[b —al

as required. g

A more direct generalisation of the Mean Value Theorem is available when f: A — R.

Corollary 54 If f: A — R is differentiable with [a,b] C A C R" then 3¢ € (a, b) such that
f(b) — f(a) = Df(c)(b — a)
Proof. Put u = (1) (which can be done since F is still a function into R) then equation (52) gives
f(b—f(a)=Df(a+c(b—a)(b—a)

Hence the result, where ¢ = a + c¢(b — a). O
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The Mean Value Theorem cannot be generalised in this way for functions into R” where m > 2. Take for
example the function f(x) = (cosx,sinx). Then Df(x) = (—sinx,cosx)' and so | Df(x)| = 1. However,
on the interval [0, 277] say,

f@m) = £(0) = (0,0) # [ Df(x)[|(27r — 0) = 270
Definition 55 A non-empty subset A of R" is called convex when if x,y € A then [x,y] C A.

Corollary 56 If f: A — R™ is differentiable on A which is a convex subset of R", and |Df(x)|| < M forallx € A
then for any a,b € A, || f(b) — f(a)|| < M||b — a||.

Proof. Simply apply Theorem 51 to f on [a, b]. O

Note that if M < 1 then this corollary gives the conditions to apply Theorem 29 (Contraction Mapping
Theorem).

(31.3.2) Taylor’s Theorem

Definition 57 A function f: A — R where A C R" is said to be of class C” if all the partial derivatives up to and

including those of order r exist and are continuous.

Definition 58 Define the operator x - V to act on a function g: A — R where A C R" as follows:

(x-V)g(b) = ) _ x;D;g(b)
i=1

i=

This is the inner product of x with the gradient of g at b.

Of course, this operator may be applied more than once. For example

(x- VR f@+ ) = (x- V) ) xDif @+ )
i=1

xi(x . V)le(a + l’X)

I
™=

i=1

Il
™=
™=

Il
_

x,'ijjDif(a + ta)
j=1

If f is of class C" then x - V may be applied up to r times.
Lemma 59 Let f: A — R where A C IR" is of class C" and define
F:[0,1] = R™ by F:t— f(a+1x)

Then F is r times differentiable with D°F(t) = (x - V) f(a + tx).

Note that F is defined on A whenever t is small enough: Since f is differentiable at all a € A each a must
have an open ball around it that is contained in A. Hence taking ¢ small enough ensures that F is properly
defined on A.

Proof. Since f is differentiable on A,

Df(a+tx) = Vf(a+tx) = (Dif(a+tx),Daf(a+tx),...,Duf(a+tx))
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Fork € R,

lim F(t+k) —F(t) xDf(a + )| = hm F(t+ k) — F(t) — Df(a + tx)kx

k—0 k k
Now writeh = kxsoh — 0as k — 0 and ||h|| = |k|||x]| to give

f(a +tx+kx) — f(a+tx) — Df(a + tx)
=[x Jim 2
il
= 0 by the dlfferentlablhty of f.

Hence

DF(t) = F'(t) = Df(a + tx)x
= i x;D;f(a+ tx)
i=1
=(x-V)f(a+tx)

Now, each partial derivative of f is also a function A — IR, and so replacing f by D; f in the above argument
shows that
DRt = (x- V)t f(a + tx)

for2<<i<r—1. O

Before stating and proving a generalised form of Taylor’s Theorem, recall the single variable case.

Theorem 60 (Taylor) Let a,x € R be fixed and let f: [a,a + x] — R be continuously differentiable r — 1 times, and

suppose that the rth derivative exists. Then

-1 r
fla+x) = f(a)+ xf'(a) + f”(a)+ YD) 4 % FO(a + 0x)

oo
forsome 0 < 0 < 1.

Theorem 61 (Generalised Taylor) Let F: A — IR be of class C" with a € A C IR" and let x be some fixed point of
R™. Then if the line segment [a,a + x] C A then there exists 6 € (0,1) such that

( v)r 1
—1)

V)z V)f
f@a+x) = fa)+(x- V)f(a)—l— i f@+-- f()+ f(a+ thetax)
Proof. Define F: [0,1] — R by F(t) = f(a + tx) then since f is of class C" so is F. Hence using Lemma 59
and Theorem 60
D2F r—1 R
F(0) D1F@©0) DRF(9)
20 + =1 + ” for some 0 € (0,1)

(x- V) f(a) (x-V)y-1 f(a) (x- V) f(a+0x
(r=1)! 7!

F(1) = F(0) + DF(0) +

ie, fa+x) = f(a)+ (x- V)f(a) + -+

(31.3.3) Other Generalised Results

Definition 62 A C! function f: A — R" where A C R" is locally C-invertible at a € A if there exist open sets U
and Uy with a € Uy and a C? function g: Uy — Uy such that g o f(x) = xand f o g(y) = y forall x € Uy and
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y € Uy.

Theorem 63 (Inverse Function) Let f: A — R" be of class C! and f(a) = b wherea € A C R". If Df(a) = M is

non-singular then f is locally C'-invertible at a with Df'(b) = M.

Of particular interest is the ability generalise the definition of a norm while retaining most of the results

already proven. A norm can be defined on any real vector space, including ones of infinite dimension.

Definition 64 Let V be a real vector space, then a norm on V is a function || - ||: V — R such that for any v,w € V

and A € R,

N1. ||v|| > 0 with equality if and only if v = 0.
N2.[|Av]| = [A[][v]]

N3. [|v+wl| < [[v][ + [|w].
Example 65 The uniform norm on R" is defined by
[[x]leo = max |x;]
i<isn
where x = (x1,X2,...,Xy). Show that this is indeed a norm.

Proof. Solution Verifying the axioms in turn,

N1. Certainly |x;| > 0 for all 1 < i < n and hence ||x||c = 0. Also, it is clear that ||x||cc = 0 < x; = 0 for

1<i<nie,x=0.

N2. Say [|x[|co = x; then
[Ax]leo = max [Ax;| = [A] max |x;[ = [A[[x;] = Alx]leo
i<isn i<isn
N3. Suppose [x[|o = xj and [ly|/cc = yk- Then

X+ yllo = max [x; + y;]

1<isn

|x; +y1| say
< %]+
= [[x[|eo + [lylleo

O

The uniform norm can be generalised slightly to work on the infinite dimensional vector space of continuous

functions of [0,1] — R, C[0, 1]. Define
[flle = sup f(x)

x€[0,1]

An alternative norm for C[0, 1] is the L;-norm,

I = [ 1£0] dx

Definition 66 Two norms || - ||; and || - ||2 on a vector space V are equivalent if 3m, M € R such that

mllvlp < |lvlla < Mljvlly vveV
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YA

Figure 1: The L; norm and the uniform norm are not equivalent on infinite dimensional vector
spaces.

On IR” then Euclidean norm and uniform norms are equivalent. Observe that

Il = max x| < /3 +33+ -+ = x|

and if [[x[|eo = |x;| then

Il = /23 + 25+ 2 < o = Vx|

Hence ||x]|« < |IX]| € v/7]|X]|eo sO the Euclidean and uniform norms are indeed equivalent.

Theorem 67 All norms on IR" are equivalent.

However, the same result need not hold for infinite dimensional vector spaces. On C[0, 1],

1 1

Iflh = [ 1l dr < [ sup |f@] dx < sup 10| = I f]l
0 0 xefo0] x€[0,1]

However, there is no general inequality in the other direction. Consider the function shown in Figure 31.3.3.

Here || f|lec = 1, but ||f]|1 is equal to the shaded area, which may be made arbitrarily small by reducing the

width of the base of the peak.

Cauchy sequences may be defined on any normed vector space, and Cauchy sequences are convergent with
proof as for Theorem 12. However, Cauchy sequences do not necessarily converge in an arbitrary normed

vector space.

Definition 68 A normed vector space V is said to be complete, or a Banach Space, if every Cauchy sequence in V
converges to a limit in V.

By Theorem 12 and Theorem 67 IR with any norm is complete.
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